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SKDVHZLQGLQJVDUHGHSHQGHQWRQUHODWLYHSRVLWLRQVZKHUHWKHIDXOW
RFFXUV DQG DOVR RQ WKH QXPEHU RI VKRUWFLUFXLWHG WXUQV 1I LW LV
QHFHVVDU\ WR EXLOG PDFKLQH IDXOW PRGHO IRU HDFK SRVVLEOH IDXOW
SRVLWLRQDQGQXPEHURIVKRUWFLUFXLWHGWXUQV,QUHDOLW\WKHSRVLWLRQ
ZKHUHD6&IDXOWRFFXUVLVXQNQRZQDQGKHQFHDW\SLFDOSRVLWLRQ
WKDWUHSUHVHQWVWKHZRUVWFDVHZRXOGEHVXIILFLHQWWRVWXG\WKHIDXOW
EHKDYLRXUV
7KH IOX[ OLQNDJH PDSV DUH EXLOW ZLWK RQHWXUQ VKRUW FLUFXLW LQ
SKDVH & ORFDWHG FORVH WR WKH VORWRSHQLQJ ZKLFK UHSUHVHQWV WKH
ZRUVW FDVH LQ WHUPVRI WKH IDXOW FXUUHQW7R UHSUHVHQW DQ DUELWUDU\
QXPEHU RI VKRUWFLUFXLWHG WXUQV 1I WKH SKDVH FXUUHQW LF DQG WKH
IDXOWFXUUHQWLIVKRXOGEHDGMXVWHGE\
id
iq
= Tp
ia
ib
ic′
; ic′ =
N − N f
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ic; i f′ = N f i f 
ZKHUH7S LV WKHDEFWRGT WUDQVIRUPDWLRQPDWUL[DQG WKHUHVXOWDQW
IOX[OLQNDJHVDUHREWDLQHGE\
ψi = f i(id, iq, i f , θ), i = a, b, c, f 
,WLVSRVVLEOHWKDWLQVXODWLRQEUHDNGRZQUHVXOWVLQDQXPEHURIWXUQV
EHLQJ VKRUWFLUFXLWHG LQ SDUDOOHO 7KXV IRU DQ QSDUDOOHO VKRUW
FLUFXLWHGWXUQVDWWKHVDPHSRVLWLRQWKHPDFKLQHIDXOWPRGHOEXLOW
XQGHUVHULHVLQWHUWXUQ6&IDXOWFRQGLWLRQVLVVWLOODSSOLFDEOHEXWWKH
HIIHFWLYHQXPEHURIVKRUWHGWXUQVKRXOGEHDQGWKHVKRUWHGWXUQ
UHVLVWDQFHVKRXOGEHQRI WKHYDOXHRI WKHWXUQVHULHV6&IDXOW
PRGHO
)LJ  VKRZV WKH 30$ VLPXODWLRQ FLUFXLW HVWDEOLVKHG LQ
6LPXOLQN±6LP6FDSHHQYLURQPHQW7KH30$PRGHOUHSUHVHQWHGLQ
DQGEDVHGRQWKHIOX[OLQNDJHVLVFRQQHFWHGWRDFRQWUROODEOH
DV\PPHWULFDO UHFWLILHU 7KH UHFWLILHU XWLOLVHV WKUHH 026)(7V WR
FRQWURO WKH 30$ RXWSXW SRZHU :KHQ WKH UHFWLILHU LV LQ WKH
FRQWUROOHGPRGHWKH'&YROWDJHLVIHGEDFNWRWKHYROWDJHFRQWURO
EORFNLQZKLFKWKHGXW\UDWLRRIWKHWKUHHORZHU026)(7VLVSXOVH
ZLGWK PRGXODWHG E\ D 3,FRQWUROOHU VR WKDW WKH '& YROWDJH LV
UHJXODWHGFORVHWRWKHJLYHQUHIHUHQFH:KHQWKHUHFWLILHULVLQWKH
XQFRQWUROOHG PRGH WKH 026)(7V DUH WXUQHG RII DQG WKHLU ERG\
GLRGHVDFWDVDWKUHHSKDVHGLRGHUHFWLILHU
:LWKWKH30$VLPXODWLRQPRGHO WZRLQWHUWXUQIDXOWGHWHFWLRQ
PHWKRGV DUH VWXGLHG ,Q WKH VLPXODWLRQ VFKHPH WKH FXUUHQW
KDUPRQLF HVWLPDWLRQ EORFN UHFHLYHV WKH '& FXUUHQW PHDVXUHG
WKURXJKDFXUUHQWVHQVRUDQGXVHVIDVW)RXULHU WUDQVIRUP))7RU
.DOPDQ )LOWHU WR FRPSXWH WKH DPSOLWXGHV DQG IUHTXHQFLHV RI WKH
KDUPRQLFV FRQWDLQHG LQ '& FXUUHQW ZKLFK ZLOO EH VWXGLHV DV WKH
IDXOW GLDJQRVWLF VLJQDO $OVR WKH ]HURVHTXHQFH YROWDJH LV
PRQLWRUHG DQG LWV UPV YDOXH LV FDOFXODWHG DV WKH RWKHU IDXOW
GLDJQRVWLFVLJQDO
3KDVHFXUUHQWDQG6&FXUUHQW
7KH VLPXODWLRQ FLUFXLW ZLWK WKH 30$ PDFKLQH IDXOW PRGHO LV
VLPXODWHG XQGHU ERWK KHDOWK\ DQG YDULRXV LQWHUWXUQ 6& IDXOW
FRQGLWLRQV7KHVLPXODWLRQUHVXOWVGHQRWHGDVµ6LP¶WKHUHDIWHUDUH
FRPSDUHG ZLWK FRUUHVSRQGLQJ )( FDOFXODWLRQ UHVXOWV GHQRWHG DV
µ)(¶ZKHQWKH30$RSHUDWHVDWWKHPD[VSHHG(팀rSPZLWK
WKH UDWHG ORDG (팂? LQ WKH KHDOWK\ RU 6& IDXOW VWDWXV ZLWK WKH
UHFWLILHU EHLQJ FRQWUROOHG RU XQFRQWUROOHG UHVSHFWLYHO\ :KHQ D
IDXOWRFFXUVLWLVORFDWHGLQWKHZRUVWIDXOWSRVLWLRQZKLFKLVFORVH
WRWKHVORWRSHQLQJDWWKHWUDLOLQJVORW3KDVH&DVVXPLQJ5I(? (?DV
WKHZRUVWFDVH
)LJV D DQG E FRPSDUH )( DQG VLPXODWLRQ PRGHO SUHGLFWHG
SKDVH & FXUUHQW ZDYHIRUPV DQG '& FXUUHQW ZDYHIRUPV
UHVSHFWLYHO\ZKHQWKH30$RSHUDWHVLQWKHKHDOWK\FRQGLWLRQZLWK
XQFRQWUROOHG UHFWLILHU )LJ F FRPSDUHV FXUUHQWV LQ WKH 6& IDXOW
WXUQZKHQSKDVH&KDVRQH WXUQ VKRUWFLUFXLWHGZLWKXQFRQWUROOHG
UHFWLILHUZKLOH)LJGFRPSDUHVWKH'&FXUUHQWZLWKWKHFRQWUROOHG
UHFWLILHU 7KH VZLWFK IUHTXHQF\ LV (팀k+] DQG WKH 026)(7 SXOVH
ZLGWKPRGXODWLRQUDWLRLVIL[HGDWZKLFKPHDQVWKHRQVWDWHRI
WKH 026)(7V RFFXSLHV  RI D F\FOH ,W FDQ EH VHHQ WKDW
VLPXODWLRQUHVXOWVLQWKHILJXUHVPDWFKTXLWHYHU\ZHOOZLWKWKH)(
SUHGLFWLRQV
7KHTXDQWLWDWLYHYDOLGDWLRQVRIWKHPRGHODJDLQVW)(SUHGLFWLRQV
DUHSHUIRUPHGZKHQ WKH30$RSHUDWHVDW(팀rSP UDWHG ORDG
LQ WKH KHDOWK\ VWDWXV WXUQ DQG WXUQ 6& IDXOW VWDWXVHV DQG WKH
UHFWLILHU LV XQFRQWUROOHG DQG WKH UHVXOWV DUH SUHVHQWHG LQ 7DEOH 
ZKLFKFRPSDUHVUPVFXUUHQWVLQSKDVH&DQGLQIDXOWHGWXUQV,WLV
VKRZQWKDWWKHUHODWLYHGLIIHUHQFHVEHWZHHQWKHWZRSUHGLFWLRQVDUH
EHORZRQWKHPDJQLWXGHOHYHO∼(팀A$VZLOOEHVKRZQLQWKH
IROORZLQJVHFWLRQV IRUDQ LQWHUWXUQ6&IDXOWZLWKD ODUJHQXPEHU
RIWXUQVSHUSKDVHEXWDVPDOOQXPEHURIVKRUWFLUFXLWHGWXUQVWKH
EHQLJQ6&IDXOWVLJQDWXUH LQ WKH'&FXUUHQWFRPSRQHQWFDQEHDV
ORZDVRI(팀APDJQLWXGHOHYHOZKLFKLVVHWDVWKHPLQLPXP
GHWHFWDEOHIDXOWVLJQDO,WIROORZVWKDWWKHKLJKILGHOLW\30$PRGHO
LVFUXFLDOIRUWKHLQWHUWXUQ6&IDXOWDQDO\VHVDQGGHWHFWLRQ
:KHQ WKH UHFWLILHU LVXQFRQWUROOHG)LJ VKRZV WKHYDULDWLRQV
RI SKDVH UPV FXUUHQW DQG 6& UPV FXUUHQW ZLWK WKH QXPEHU RI 6&
WXUQV ,W FDQ EH VHHQ WKDW ZKHQ DQ LQWHUWXUQ 6& IDXOW RFFXUV WKH
SKDVH FXUUHQW KHDOWK\ SDUW PDLQWDLQV WKH VDPH PDJQLWXGH OHYHO
)LJ ௒ 6LPXODWLRQ VFKHPH LQ 6LP6FDSH IRU 30$ IDXOW DQDO\VLV DQG
GLDJQRVLV

)LJ ௒ &RPSDULVRQ RI )( DQG VLPXODWLRQ PRGHO UHVXOWV DW ࣛUSP
XQFRQWUROOHGUHFWLILHUZLWKࣛȍORDGIRU
D3KDVH&FXUUHQWKHDOWK\E'&FXUUHQWKHDOWK\F6&FXUUHQWWXUQ6&DQG
FRQWUROOHGUHFWLILHUIRUG'&FXUUHQWKHDOWK\

7DEOH(? &RPSDULVRQRIUPVFXUUHQWVLQSKDVH&DQGVKRUW
FLUFXLWHGWXUQVSUHGLFWHGE\6LP6FDSHDQG)(PRGHOVDW
(팀rSPUDWHGORDGZKHQWKHUHFWLILHULVXQFRQWUROOHG
)(UPV
$
6LPUPV
$
'LIIHUHQFH
SKDVH&FXUUHQW+HDOWK\   
SKDVH&FXUUHQWWXUQ6&   
SKDVH&FXUUHQWWXUQ6&   
6&FXUUHQWWXUQ6&   
6&FXUUHQWWXUQ6&   

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7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ1RQ&RPPHUFLDO1R'HULYV/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\QFQG

EXW6&FXUUHQW LQ WKHVKRUWFLUFXLWHG WXUQVFKDQJHVVLJQLILFDQWO\
7KH ZRUVW FDVH RFFXUV DW WXUQ 6& IDXOW ZKHQ WKH 6& FXUUHQW
LQFUHDVHV XS WR  WLPHV RI WKH SKDVH FXUUHQW DQG FUHDWHV ∼
WLPHVKLJKHUORFDOKHDWORDGWKDQKHDOWK\RSHUDWLRQ$VWKHQXPEHU
RI 6& WXUQV LQFUHDVHV WKH 6& FXUUHQW GHFUHDVHV DSSURDFKLQJ WKH
QRUPDO SKDVH FXUUHQW PDJQLWXGH ZKHQ WKH QXPEHU RI 6& WXUQV LV
!
௑,QWHUWXUQVKRUWFLUFXLWIDXOWGHWHFWLRQ
8QGHU EDODQFHG RSHUDWLQJ FRQGLWLRQV WKH KDUPRQLFV LQ WKH '&
RXWSXWFXUUHQWDUHRIWKRUGHUDQG LWV LQWHJHUPXOWLSOHV6LQFHDQ
LQWHUWXUQ IDXOW UHVXOWV LQ XQEDODQFHG RSHUDWLRQ WKH VHFRQGRUGHU
KDUPRQLF ZLOO DSSHDU 7KXV E\ PRQLWRULQJ WKH VHFRQGRUGHU
KDUPRQLFLQWKH'&RXWSXWFXUUHQWLWLVSRVVLEOHWRGHWHFWWKHIDXOW
+RZHYHU WKH SUREOHP LV FRPSRXQGHG E\ WKH IDFW WKDW WKH WKUHH
SKDVH V\VWHP RI WKH 30$ LV LQKHUHQWO\ XQEDODQFHG GXH WR WKH
SUHVHQFHRIXQZRXQG WHHWK7KLV LV VHHQ LQ WKH'&FXUUHQW DW WKH
KHDOWK\VWDWXVVKRZQLQ)LJ
)LJV D DQG E FRPSDUH WKH '& FXUUHQWV DQG WKHLU VSHFWUXP
XQGHU WKH KHDOWK\ DQG WXUQ IDXOW FRQGLWLRQV DW (팀rSP ZLWK
XQFRQWUROOHG UHFWLILHU $V LV HYLGHQW WKH GLIIHUHQFH FDXVHG E\ WKH
IDXOWLQWKH'&FXUUHQWLVTXLWHVPDOO
7KHDFFXUDF\RIWKHSURSRVHGPRGHORQ'&FXUUHQWKDUPRQLFV
SUHGLFWLRQ LVH[DPLQHG7DEOHFRPSDUHV WKHDPSOLWXGHVRIPDLQ
KDUPRQLFV LQ WKH '& FXUUHQW SUHGLFWHG E\ WKH 30$ VLPXODWLRQ
PRGHODQG)(PRGHOXQGHUWKHVDPHFRQGLWLRQVVWDWHGSUHYLRXVO\
7KHSUHGLFWLRQGLIIHUHQFHVRIWKHPRGHOFRPSDUHGWRWKH)(PRGHO
DUHPDLQWDLQHGXQGHU
7DEOH OLVWV WKHYDOXHVRI HDFKKDUPRQLF DPSOLWXGHXQGHU WKH
KHDOWK\DQGIDXOWFRQGLWLRQV,WLVVHHQIURPWKHKDUPRQLFVSHFWUXP
WKDWWKHVHFRQGRUGHUKDUPRQLFLVSUHVHQWDORQJVLGHZLWKRWKHUHYHQ
KDUPRQLFV 7KH FKDQJH LQ WKH WK KDUPRQLF GXH WR IDXOW LV YHU\
OLWWOH ZKLOH WKH FKDQJH LQ WKH QG KDUPRQLF LV PRUH QRWLFHDEOH
$OWKRXJKWKHUHODWLYHFKDQJHVLQWKHWKDQGWKKDUPRQLFVDSSHDU
WREHODUJHXQGHUWKHIDXOWFRQGLWLRQWKHLUEDVHYDOXHVDUHDQRUGHU
RIPDJQLWXGHORZHUWKDQWKDWRIWKHQGKDUPRQLF,WLVWKHUHIRUH
QRWSRVVLEOHWRGHWHFWWKHVHFKDQJHVZLWKOLPLWHGVHQVRUUHVROXWLRQ
LQDQHOHFWULFDOO\QRLVHHQYLURQPHQW0RQLWRULQJWKHFKDQJHLQWKH
QG KDUPRQLF '& RXWSXW FXUUHQW LV WKH EHVW RSWLRQ IRU WKH IDXOW
GHWHFWLRQEDVHGRQWKH'&FXUUHQW
)LJ  FRPSDUHV WKH SHUFHQWDJH FKDQJHV LQ WKH QG KDUPRQLF
FXUUHQWV XQGHU YDULRXV IDXOW ORFDWLRQV DQG QXPEHUV RI 6& WXUQV
ZKHQ WKH30$RSHUDWHVXQFRQWUROOHGDW(팀rSP7KHSRVLWLYH
YDOXHV LQGLFDWH LQFUHDVHV LQ WKH KDUPRQLF FXUUHQW ZKLOH WKH
QHJDWLYHYDOXHVLQGLFDWHWKHUHGXFWLRQVRIWKHKDUPRQLFFXUUHQWGXH
WR WKH IDXOW FRPSDUHG ZLWK WKH QG KDUPRQLF XQGHU WKH KHDOWK\
FRQGLWLRQ$VFDQEHVHHQLQFUHDVHRUGHFUHDVHLQWKHQGKDUPRQLF
XQGHU D IDXOW FRQGLWLRQ GHSHQGV RQ WKH IDXOW ORFDWLRQ LQ GLIIHUHQW
VORWV7KLV LVEHFDXVH WKH IDXOW ORFDWLRQDIIHFWV WKHSKDVHDQJOHRI
WKHIOX[SURGXFHGE\WKHIDXOWFXUUHQWZKLFKLQWXUQLQIOXHQFHVWKH
SKDVHXQEDODQFHWKDWLVUHIOHFWHGLQWKHVHFRQGKDUPRQLFFXUUHQW,W
LVDOVRHYLGHQWWKDWWKHFKDQJHLQWKHQGKDUPRQLFFXUUHQWLVYHU\
VPDOO LI DQ6& IDXOWZLWK WKHQXPEHURI VKRUWFLUFXLWHG WXUQV OHVV
WKDQ HLJKW WDNHV SODFH LQ WKH PLGGOH VORW FORVHG WR WKH EDFNLURQ
$VVXPH WKDW WKH G\QDPLF UDQJH DQG DFFXUDF\ RI WKH FXUUHQW
PHDVXUHPHQW DUH ∼$ DQG  UHVSHFWLYHO\ WKH DEVROXWH
DFFXUDF\ RI WKH FXUUHQW PHDVXUHPHQW ZLOO EH (팀m$ 6LQFH WKH
QG KDUPRQLF FXUUHQW XQGHU KHDOWK\ FRQGLWLRQ LV LQ WKH UHJLRQ RI
$ WKH DEVROXWH FXUUHQW PHDVXUHPHQW DFFXUDF\ FRUUHVSRQGV WR
FKDQJHLQWKHQGKDUPRQLFFXUUHQW7KHUHIRUHLIWKHFKDQJH
LQ WKH QG KDUPRQLF FXUUHQW GXH WR D IDXOW LV EHORZ  DV
)LJ௒5PVFXUUHQWYDULDWLRQVRIKHDOWK\DQGIDXOWSDUWVZLWKQXPEHURI6&WXUQV

)LJ௒&RPSDULVRQRI'&RXWSXWFXUUHQWXQGHUKHDOWK\DQGWXUQ6&FRQGLWLRQVRI
D:DYHIRUPE+DUPRQLFFRPSRQHQWV

7DEOH(? &RPSDULVRQRI'&FXUUHQWKDUPRQLFVSHFWUXPSUHGLFWHGE\6LP6FDSHDQG)(PRGHODW(팀rSPUDWHGORDGZKHQ
WKHUHFWLILHULVXQFRQWUROOHG
+DUPRQLFRUGHUV +HDOWK\ WXUQ6& WXUQ6&
$PS$6LP 'LII $PS$6LP 'LII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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 'LII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7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ1RQ&RPPHUFLDO1R'HULYV/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\QFQG
LQGLFDWHGLQWKHVKDGHGUHJLRQLQVLGHWKHUHGGRWWHGER[LQ)LJLW
LV XQOLNHO\ WKH IDXOW FDQ EH GHWHFWHG :KHQ D IDXOW RFFXUV LQ WKH
OHDGLQJRUWUDLOLQJVORWFORVHGWRWKHVORWRSHQLQJFRPSDUHGWRWKRVH
LQWKHRWKHUVORWVFORVHWRWKHEDFNLURQWKHIDXOWVLJQDOLVODUJHU
௑(OHFWURPDJQHWLFWKHUPDOFRXSOHGPRGHOOLQJ
7KHUPDOPRGHO
7RDVVHVVWKHWKHUPDOEHKDYLRXURIWKH30$LQ6&IDXOWFRQGLWLRQV
D /3 WKHUPDO PRGHO XVLQJ 0RWRU&$' >@ )LJ D LV EXLOW WR
SUHGLFW DYHUDJH WHPSHUDWXUHV RI 30$ FRPSRQHQWV VXFK DV
ZLQGLQJVPDJQHWV DQGKRXVLQJDQGD VORW)(PRGHO)LJE LV
EXLOWWRSUHGLFWWKHORFDOKRWVSRWWHPSHUDWXUH7KHFRSSHUORVVSHU
WXUQ LV LQSXWWHG WRHDFKWXUQ LQ WKHVORW)(PRGHO:KHQDQLQWHU
WXUQ6&RFFXUVWKHFRSSHUORVVRI6&WXUQVLVFDOFXODWHGIURPWKH
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IDXOWRFFXUVZKLFKLVWKHZRUVWDPRQJLQWHUWXUQ6&IDXOWVWKH6&
FXUUHQW LV  WLPHV RI SKDVH FXUUHQW UHVXOWLQJ LQ WKH KRWVSRW
WHPSHUDWXUHULVHQVLJQLILFDQWO\WR&
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,Q WKH SUHYLRXV GLVFXVVLRQV WKH (0 EHKDYLRXUV DQG WKHUPDO
EHKDYLRXUV 30$ XQGHU LQWHUWXUQ 6& IDXOWV DUH FDOFXODWHG
VHSDUDWHO\ ,Q IDFW WKHUH LV VLJQLILFDQW HOHFWURWKHUPDOFRXSOLQJ
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LQ WKH6&FXUUHQW DQG WKH WHPSHUDWXUHV:KHQD VPDOO QXPEHURI
WXUQVDUHVKRUWFLUFXLWHGEHFDXVH WKHUHVLVWDQFHHIIHFW LVGRPLQDQW
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